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Abstract: Proof-theoretic study of coinductive Horn clauses needs to establish soundness of proposed coin-
ductive algorithms. Soundness is with respect to coinductive models of logic programs. In this paper we give
examples on coinductive Horn clauses, and we review the two standard coinductive models for logic programs.

1 Introduction

Coinduction in logic programming refers to phenomena of
non-terminating SLD-derivations and perhaps computation
of infinite data therein. The name “coinduction” alludes to
some association with “induction”, explained later. Work
on coinductive Horn clauses started in the 80s up till now,
with significant progress made on model-theoretic seman-
tics of infinite computation [4] and finite modelling of coin-
duction using loop detection [2, 3], and in the reference lit-
eratures there are motivating applications.

There are different ways to categorize coinductive Horn
clauses, such as, whether or not the derivation is subject
to loop detection, and, whether or not infinite data is com-
puted. We give examples of coinductive Horn clauses be-
low.

Example 1. Given program P1 : r(X) ⊃ r(X) (we use ⊃
for implication), the goal r(a) gives rise to an infinite SLD-
derivation r(a)−r(a)−r(a)−· · · which does not compute
infinite data but is subject to loop detection as there exist a
sub-goal r(a) that can be unified with an ancestor goal r(a).

Example 2. Given P2 : p(s(X)) ⊃ p(X), the goal p(a)
gives rise to an infinite SLD-derivation p(a) − p(s(a)) −
p(s(s(a)))− · · · which does not compute infinite data and
is not subject to loop detection as there does not exist a sub-
goal that can be unified with its ancestor goal.

Example 3. Given P3 : p(X) ⊃ p(s(X)), the goal p(X)
gives rise to an infinite SLD-derivation p(X) − p(X1) −
p(X2) − · · · . In this case loop detection is applicable, for
instance, sub-goal p(X1) unifies with its ancestor p(X) and
produces infinite data X = s(s(· · · )). Meanwhile, the
SLD-derivation itself also computes towards the same in-
finite data as given by loop detection.

Example 4. Given P4 : q(s(X), L) ⊃ q(X, [X|L]),
the goal q(0, L) gives rise to an infinite SLD-derivation
q(0, L)− q(s(0), L1)− q(s(s(0)), L2)− · · · . The infinite
data L = [0, s(0), s(s(0)), . . .] is computed by the SLD-
derivation but loop detection is not applicable.

The challenge is to extract finite patterns of irregular
non-terminating SLD-derivations, which cannot be done
by loop detection, as shown in Examples 2 and 4. Above
all, within the wider mathematical and computing commu-
nity, the concept of proof by coinduction itself is much less
renowned and appears much more obscure than the con-
cept of proof by mathematical induction, despite that a fair

amount of work on coinduction has been done in some
branches of theoretical computing [5].

Our ongoing work promises to solve both problems men-
tioned above. Particularly, in our proof-theoretic study of
coinduction, we explain about what kind of logical reason-
ing constitutes coinductive reasoning, and in what sense a
coinductively derived conclusion is no less valid than an in-
ductively derived one. For instance, a coinductive proof of
a statement H , given a set P of premises, is merely an ordi-
nary logical reasoning (i.e. based on classical or intuition-
istic logic) that derives H from the augmented set P ∪{H}
of premises, such that H itself is asserted as known truth
and is used in its own proof. Indeed it seems like a circular
proof with self-referencing, but this is done in a guarded
way so that the asserted H is not used directly to prove it-
self. The consequence of such reasoning is the conclusion
that H is coinductively true with respect to P , which means
that H cannot be refuted based on P .

In a mathematical sense, an inductively proved statement
F from P is in the least fixed point of P which collects all
conclusions of P that has a finite inductive proof, while a
coinductively proved statement H from P is in the great-
est fixed point of P , which additionally has all conclusions
of P such that no attempt of inductive proof can terminate.
In Section 2 we review these fixed points in order to set up
a necessary mathematical context for discussion of logical
soundness of our proof-theoretic presentation of coinduc-
tion. We conclude and discuss related topics in Section 3.

2 Models for logic programs

We review the two coinductive models of logic programs.
We assume readers’ familiarity with syntax of first order
Horn clause and the definition of terms and atoms as trees.
We follow the terminology of [4].

A first order Horn clause (Horn clause, in short) K has
the form

∀x1 . . . xm A1 ∧ . . . ∧An ⊃ A (m,n ≥ 0)

where A and variants thereof denote first order atoms. We
denote the atom A by head K and we denote the set
{A1, . . . , An} by body K. A logic program is a finite set
of Horn clauses.

Given a logic program P on signature Σ, we define the
following sets. The Herbrand universe, denoted H, is the
set of all finite ground terms on Σ. The Herbrand base,



denoted B, is the set of all finite ground atoms on Σ. A
Herbrand interpretation is any subset of B. The complete
Herbrand universe, denoted H′, is the set of all finite and
infinite ground terms on Σ. The complete Herbrand base,
denoted B′, is the set of all finite and infinite ground atoms
on Σ. A complete Herbrand interpretation is any subset of
B′.

Given a Horn clause F , its ground instance on H is de-
noted bF c, and its ground instance on H′ is denoted bF c′.
Given a set S, its power set is denoted Pow(S). There
are two immediate consequence operators with respect to
a program P , which are T : Pow (B) 7→ Pow (B) and
T ′ : Pow (B′) 7→ Pow (B′), defined respectively as:

T (I) = {t ∈ B | F ∈ P, head bF c = t, body bF c ⊆ I }
T ′(J) = {s ∈ B′ | F ∈ P, head bF c′ = s, body bF c′ ⊆ J }

Note that 〈Pow(B),⊆〉 and 〈Pow(B′),⊆〉 are complete
lattices. It is also known that T and T ′ are increasing.
Then, based on Knaster-Tarski fixed point theorem, each
operator has a greatest fixed point (denoted gfp(T ) and
gfp(T ′) respectively), which we take as coinductive models
for a logic program P , as follows.

M = gfp(T ) =
⋃
{I | I = T (I)} =

⋃
{I | I ⊆ T (I)}

M′ = gfp(T ′) =
⋃
{I | I = T ′ (I)} =

⋃
{I | I ⊆ T ′ (I)}

We call M the finite-term coinductive model, and M′

the infinite-term coinductive model. Note thatM⊆M′ by
definition, asM gathers all finite ground atoms that either
has a finite proof or has an infinite derivation, while M′

additionally contains all such, but infinite, atoms.
We could verify, regarding Examples 1–4, that results by

infinite SLD-derivations and by loop detection (whenever
applicable) are true with respect to coinductive models. Re-
garding Example 1,

M(P1) =M′(P1) = {r(a)}
Obviously the result r(a), which is from both loop detec-
tion and infinite derivation, is in the models. Regarding
Example 2,

M(P2) = {p(a), p(s(a)), p(s(s(a))), . . .}
M′(P2) =M(P2) ∪ {p(s(s(· · · )))}

where there is the result p(a) by infinite derivation. Regard-
ing Example 3,

M(P3) = ∅ M′(P3) = {p(s(s(· · · )))
We find the result of loop detection and infinite derivation
inM′(P3). Regarding Example 4,

M(P4) = ∅ M′(P4) = {q(t,≥ t) | t ∈ H′(P4)}
where we use ≥ t as a short hand for the infinite
list [t, s(t), s(s(t)), . . .], and note that ≥s(s(· · · )) is
[s(s(· · · )), s(s(· · · )), s(s(· · · )), . . .]. The result q(0,≥0)
by infinite SLD-derivation is in this model. Note that
M(P3) andM(P4) are empty, since with respect to P3 and
P4, no finite atom has a finite proof or an infinite derivation
whatsoever.

3 Conclusion and discussion

We work with the finite- and infinite-term coinductive mod-
els when studying coinductive Horn clauses. A coinductive
reasoning scheme (such as infinite SLD-derivation and loop
detection, and our current proof-theoretic study) for Horn
clauses is sound if all statements provable by the scheme
are true with respect to coinductive models.

Infinite SLD-derivations given in Examples 2 and 4, cor-
responding to programs P2 and P4 respectively, are not sub-
ject to loop detection. However, there still exist goals for
these two programs, such that the goals give rise to infinite
SLD-derivations to which loop detection is applicable. For
instance, providing goal p(X) for P2, we have an infinite
SLD-derivation p(X)− p(s(X))− p(s(s(X)))− · · · , and
loop detection produces infinite data X = s(s(· · · )) by uni-
fying p(s(X)) and p(X), and the result p(s(s(· · · ))) is in
M′(P2); providing goal q(X,L) for P4, we have an infinite
SLD-derivation q(X,L)−q(s(X), L1)−q(s(s(X)), L2)−
· · · from which loop detection produces infinite data X =
s(s(· · · )) and L = ≥s(s(· · · )) by unifying q(X,L) with
q(s(X), L1), and the result q(s(s(· · · )),≥s(s(· · · ))) is in
M′(P4). Given a program, we define a Gupta goal as a
goal that gives rise to an infinite SLD-derivation to which
loop detection is applicable. We can see that for all four
programs from Examples 1–4, there exist a Gupta goal. An
interesting question to ask is, Can we find a program, for
which every non-terminating goal is not a Gupta goal ? So
far we did not find such a program.

The two decisive steps in a coinductive soundness proof
is the construction of a post-fixed point candidate, and then
the validation of the candidate. The paper [1] presents in-
structive techniques involved in automating the first step.
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